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Abstract 
The deformation behavior of a high strength steel sheet in hole expansion tests using a flat-bottomed cylindrical punch has been 
investigated both experimentally and analytically to clarify the effects of anisotropic yield functions on the accuracy of finite 
element simulations of hole expansion. The material used in the hole expansion tests is a high strength steel with a tensile 
strength of 590MPa. The elastic-plastic deformation behavior of the test material has been precisely measured by biaxial tensile 
tests using cruciform specimens to determine the appropriate anisotropic yield function for the test material. The measured 
contours of plastic work and the directions of plastic strain rates are in good agreement with those predicted using the Yld2000-
2d yield function with an exponent of 6. Moreover, forming simulations and experiments on the hole expansion of the test 
material have been carried out. The anisotropic yield functions used in the simulation are von Mises, Hill’s quadratic and 
Yld2000-2d non-quadratic yield functions. The result of forming simulations by the Yld2000-2d yield function with an 
exponent of 6 has given the closest agreement with the experimental ones. It was found that the yield functions significantly 
affect the predictive accuracy of the deformation behavior of the steel sheet subjected to hole expansion. 
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1. Introduction 
The demand for high strength steel sheets has been increasing to enhance vehicle weight reduction, as well as 
crash performance. One of the biggest problems in press forming of high strength steel sheets is fracture which 
often occurs in stretch flanging areas, such as in flame and underbody parts (Iizuka et al., 2005). Therefore, there 
has been a strong demand for the improvement of the predictive accuracy of the deformation behavior of high 
strength steels in stretch flanging areas using FEM forming simulations. 
To improve the predictive accuracy of FEM analysis, the selection of a material model that is able to reproduce 
the plastic deformation behavior of the material as accurately as possible is generally important. In case of strain 
distribution analysis, anisotropic yield functions affect the accuracy of calculation results (Kuroda and Tvergaard, 
2000; Worswick and Finn, 2000). To determine appropriate anisotropic yield functions for sheet materials, biaxial 
tensile tests have been frequently used (Naka et al., 2008; Lin and Ding, 1995; Hoferlin et al., 2000). 
In this study, the deformation behavior of a high strength steel sheet subjected to hole expansion using a flat-
bottomed cylindrical punch has been investigated both experimentally and analytically. The material used in the 
hole expansion tests is a HSLA steel with a tensile strength of 590MPa. In order to determine an appropriate 
anisotropic yield function for the test material, the elastic-plastic deformation behavior of the test material has been 
precisely measured by biaxial tensile tests using cruciform specimens (Kuwabara et al., 1998, 2000, 2002, 2004). 
In hole expansion tests, thickness distribution along the hole edge has been measured precisely. Moreover, FEM 
simulations of the hole expansion have been carried out. The anisotropic yield functions used in the simulations are 
von Mises, Hill’s quadratic and Yld2000-2d non-quadratic yield functions. Thickness strains have been precisely 
measured along the hole edge and compared with the simulation results. Consequently, we conclude that the yield 
functions significantly affect the predictive accuracy of the deformation behavior of the steel sheet subjected to 
hole expansion. 
2. Experimental procedure 
2.1. Test material 
In order to clarify the effects of anisotropic yield functions on the accuracy of finite element simulations of hole 
expansion, a high strength steel with a tensile strength of 590 MPa, which is  frequently used for automotive parts, 
was used in hole expansion experiments. The thickness of the test material is 1.2mm and its mechanical properties 
are shown in Table 1. The details of material data are shown by Hashimoto et al. (2010). 
Table 1. Mechanical properties of test material of rolling direction. 
E (GPa) V 0.2 (MPa) C* (MPa) n* D * r** 
199 513 1113 0.217 0.0236 0.43 
* Approximated using   load maximunat  ~0.0005=at+= ppp İİĮİCı n , ** Measured at uniaxial plastic strain 0.092=pİ                
2.2. Biaxial tensile test 
Fig. 1(a) shows the biaxial tensile testing apparatus used in this study. This testing apparatus was originally 
designed and built by Kuwabara et al. (1998). The hydraulic pressure of each pair of opposing hydraulic cylinders 
is servo-controlled independently, so that stress-paths or strain-paths are arbitrarily controlled using closed-loop 
feedback circuits. The displacements of the rams of the opposing hydraulic cylinders are equalized using a 
pantograph-type link mechanism proposed by Shiratori and Ikegami (1968), so that the center of the cruciform 
specimen is always maintained at the center of the testing apparatus during biaxial tensile tests. Figure 1(b) shows 
the cruciform specimen used in this study. The geometry of the specimen is the same as that used by Kuwabara et 
al. (1998, 2000, 2002, 2004). To evaluate the work hardening behavior of the test material under biaxial tension, 
the notion of the contour of plastic work in stress space was introduced by Hill et al. (1992, 1994). This was 
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motivated because, in the simulation of metal forming, modeling the flow stress as an average behavior of a 
material over a deformation range is more important than determining an initial yield locus of the material. 
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Fig. 1. (a) Hydraulic servo-controlled biaxial tensile testing machine [8]. (b) Cruciform specimen for biaxial tensile test [8]. 
2.3. Hole expansion test 
Fig. 2 shows the experimental apparatus for the hole expansion tests carried out in this study. The initial hole 
diameter of a test specimen was 25mm; the hole was punched out with a clearance between punch and die taken to 
be 12%. The hole expansion ratio is defined as follows: 
,                                                                                                                         (1) 
where 0d  is an initial hole diameter and d  is the hole diameter after a hole expansion test. After each hole 
expansion test, the thickness distribution along the hole edge (2 mm outside of the expanded hole edge) was 
measured and compared with those calculated using FEM simulations. 
3. FEM analysis 
Forming simulations of hole expansion were carried out using ABAQUS/Standard Ver6.6-1. Fig. 3 shows the 
finite element division of a blank used for the analysis. One quarter of a blank was analyzed due to the orthotropic 
material symmetry. An increment of element division was 2.8125º in the circumferential direction and 0.5 mm in 
the radial direction. The punch, die, and blank-holder were defined as rigid bodies. 
 
 
 
 
 
 
 
 
 
Fig. 2. Experimental apparatus for hole expansion test.                        Fig. 3. Mesh division of blank. 
The yield functions used in the simulation were Von Mises (Von Mises, 1913), Hill’s quadratic (Hill ’48) (Hill, 
1948) and the Yld2000-2d non-quadratic (Barlat et al., 2003) yield functions. The unknown parameters of Hill ’48 
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yield function were determined using 0r , 45r , 90r  and 0V . The unknown parameters of the Yld2000-2d yield 
function were determined using 0r , 45r , 90r  and br , and 0V , 45V , 90V  and bV , where rD  and DV  are the r-value and 
tensile flow stress measured from the uniaxial tensile test at $D  from the rolling direction, respectively, and br  and 
bV  are the ratio of plastic strain rates, br p p/y xd dH H{ , and the flow stress, respectively, at equibiaxial tension, 
:x yV V  1:1. The parameters of the yield functions were kept constant during forming simulations. 
4. Results 
4.1. Results of biaxial tensile test 
Fig. 4(a) shows the measured stress points comprising the contour of plastic work for the equivalent plastic 
strain p0H  0.04, compared with theoretical yield loci based on selected yield functions. The data points are closer 
to the theoretical yield loci based on the Yld2000-2d yield function with an exponent of 6. Fig. 4(b) shows the 
directions of the plastic strain rates measured at p0H  0.04 and those calculated using  the selected yield functions. 
The Yld2000-2d yield function with an exponent of 6 gives the closest agreement with the experimental results. 
                                                      (a)                                                                                                  (b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. (a) Measured stress points forming ontour of plastic work at p0H  0.04, compared with theoretical yield loci based on selected yield functions. 
(b) Directions of plastic strain rates measured at p0H  0.04, compared with those calculated using selected yield functions. 
From the results of Fig. 4, we conclude that the Yld2000-2d yield function with an exponent of 6 is capable of 
reproducing the plastic deformation behavior of the test material most accurately. 
4.2. Results of FEM simulation and hole expansion test 
Fig. 5 shows the thickness distributions at O  0.25 calculated using conventional yield functions. Fig. 6 shows 
the measured thickness strains at O  0.25 along the hole edge and those calculated using the selected yield 
functions. The thickness strains were measured at locations approximately 2mm distant from the hole edge. The 
Yld2000-2d yield function with an exponent of 6 shows the closest agreement with the experimental results.  
5. Discussion 
From the results of Figs. 5 and 6, we conclude that anisotropic yield functions significantly affect the predictive 
accuracy of the material behavior in the hole expansion FEM simulations. It is apparent that the Yld2000-2d yield 
function is superior to Hill ’48 yield function in the predictive accuracy of the deformation behavior of the test 
material (Fig. 4). In particular, the predictive accuracy of the r-values and uniaxial tensile flows stresses seems to 
be crucial for an anisotropic yield function to be an accurate material model for a given material, because necking 
occurs in the vicinity of hole edge in the hole expansion test and the hole edge is in a uniaxial tensile stress state. 
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These are the reasons why the Yld2000-2d yield function has better agreement with the measured values of 
thickness distribution along the hole edge than Hill ’48 yield function. 
 
 
 
 
 
 
 
 
 
 
 
 
                                    (a) Von Mises                                               (b) Hill 48                                                (c) Yld2000-2d(M=6) 
 Fig. 5. Thickness distributions at O  0.25 calculated using selected yield functions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Measured thickness strains at O  0.25 along hole edge compared with those calculated using selected yield functions. 
However, even the predictions by the Yld2000-2d yield function with an exponent of 6 are not in perfect 
agreement with the measured values of the thickness distribution along the hole edge. 
There seems to be two reasons for the discrepancy between the calculation and the measurement. 
(1) In calculation we assumed that the material work hardens isotropically. 
(2) In calculation we assumed that the work hardening exponent n is constant. However, in reality, there is a 
possibility that the value of n can change with increasing the plastic strain, in particular for a large strain 
range when plastic instability occurs. 
 
 
6. Conclusions 
The deformation behavior of a high strength steel sheet in hole expansion tests using a flat-bottomed cylindrical 
punch was investigated both experimentally and analytically to clarify the effects of anisotropic yield functions on 
the accuracy of finite element simulations of hole expansion. As a result, following conclusions were obtained.  
(1) The Yld2000-2d yield function with an exponent of 6 could reproduce the plastic deformation behavior of 
the test material most accurately. 
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(2) The thickness distribution along the hole edge calculated using the Yld2000-2d yield function with an 
exponent of 6 had the closest agreement with the experimental one. 
(3) The accuracy of the hole expansion simulation may be improved if we use a material model that is 
capable of reproducing the differential work hardening of the test material and the variation of the work 
hardening exponent with the plastic strain. 
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